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The Simply Typed Lambda Calculus (λ→) [1] provides a foundational frame-
work for reasoning about computation, programming languages, and formal ver-
ification. Although its mathematical simplicity makes it suitable for studying
type safety and operational semantics, it does not natively support crypto-
graphic operations or secure communication mechanisms. As a consequence,
cryptographic protocols and encrypted message exchange cannot be directly
represented within the standard calculus.

This paper presents an extension of the Simply Typed Lambda Calculus with
symbolic public-key cryptographic primitives. The proposed system introduces
explicit language constructs for encryption, decryption, public communication,
and terminal execution states. In addition, dedicated types are provided for pub-
lic keys, private keys, ciphertexts, and messages. These extensions enable direct
modeling of cryptographic communication within a typed functional framework
while preserving the simplicity of symbolic reasoning.

The syntax of the calculus is extended with the terms

encr s1s2, decr s1s2, out s, halt,

representing encryption, decryption, public output, and a distinguished termi-
nal state, respectively. Operational semantics are defined using a call-by-value
reduction strategy together with an idealized cryptographic reduction rule that
models the correctness of asymmetric encryption. The type system statically
enforces disciplined usage of cryptographic primitives by distinguishing pub-
lic and private keys and restricting the admissible operands of encryption and
decryption operations.
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While classical information-flow calculi [2] focus on preventing unauthorized
flows of confidential information to public channels [3], the proposed framework
allows controlled observable dependencies on confidential data and, in return,
relies on cryptographic concepts to guarantee the security of such information
flows. Security is achieved through symbolic cryptographic protection rather
than complete elimination of information flow. Consequently, encrypted values
may be transmitted over public channels while preserving confidentiality of the
underlying plaintexts within the formal model.

The paper illustrates the use of the calculus through examples of encrypted
communication and discusses the security guarantees that can be expressed at
the language level. Particular attention is devoted to the distinction between
symbolic confidentiality and computational cryptographic security. While the
framework captures correctness of cryptographic processing and prevents direct
extraction of plaintext data without the corresponding private key, it abstracts
away from probabilistic encryption, side-channel attacks, replay attacks, and
computational indistinguishability considerations.

The proposed extension demonstrates that cryptographic communication
primitives can be incorporated directly into a typed lambda calculus while main-
taining a simple and mathematically tractable formal structure. The resulting
framework may serve as a basis for future investigations of cryptographic reason-
ing, security properties, and formally verified communication protocols within
typed functional languages.
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Web applications generate heterogeneous traffic, ranging from ordinary user
behaviour and legitimate automation to web scraping, bot-generated requests
and vulnerability-exploiting interaction patterns. In such an environment, a
central difficulty for AI-assisted security is to detect harmful behaviour without
producing excessive false positive decisions on legitimate traffic.

We study this problem using a mathematical model in which the observable
behaviour of a web application is represented by a stochastic process

X = (Xt)t≥0.

An AI-assisted security mechanism is viewed as a decision rule

δt : It −→ D,
where It denotes the information available up to time t, such as request histories,
logs, session behaviour or derived statistical features, and D is a finite decision
space. This makes it possible to model different levels of intervention instead of
reducing the problem to a binary accept/reject decision.

The quality of such a decision rule is measured not only by its ability to
detect harmful behaviour, but also by its behaviour on legitimate traffic. In
particular, one of the central quantities is the false-positive probability

P
(
δt(X[0,t]) ∈ Dint | X is legitimate

)
,

where Dint ⊆ D denotes the set of intervention decisions. The main problem is
to design decision rules for which this probability is small, while still detecting
genuinely harmful or policy-violating behaviour.

The proposed framework connects stochastic processes, statistical decision
theory, optimisation and formal methods, and provides a basis for analysing AI-
assisted web security systems whose decisions are probabilistically interpretable
and logically specified.
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It was not known until the work of Murthy [11] and Griffin [8] that the Curry–
Howard correspondence could be extended to classical logic. Since then, numer-
ous calculi have been proposed to represent natural deduction and Gentzen-style
derivations in classical logic [1, 6, 10, 13, 15, 16]. Among them, Parigot’s λµ-
calculus [13] stands out for preserving the structure of natural deduction proofs
within typing derivations, thereby establishing a direct correspondence between
classical proofs and typed terms. Parigot’s system provides a computational
interpretation of second-order classical propositional logic.

The λµ-calculus extends the λ-calculus by introducing classical variables
(the so-called µ-variables), together with the corresponding term constructors
and reduction rules. Our investigation focuses on de Groote’s formulation
of the λµ-calculus [9], which generalizes Parigot’s original system by allow-
ing µ-abstractions to occur at arbitrary positions within terms. Consequently,
the restriction that every µ-abstraction must be immediately followed by a µ-
application is removed.

Besides the familiar β-reduction, the λµ-calculus contains several reduction
rules specific to classical logic. These rules are essential, for example, for ob-
taining uniqueness of data representation in the case of Church numerals [4, 12].
At the same time, they introduce additional proof-theoretic difficulties. In par-
ticular, the addition of the µ-, µ′-, and ρ-rules destroys strong normalization.

Strong normalization of the λµ-calculus has nevertheless been established
by various methods, both for second-order propositional types [14] and for the
simply typed calculus [3, 7]. However, extending the calculus with further re-
duction rules substantially changes its normalization properties. In particular,
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adding the ρ- or ε-rules causes strong normalization to fail [2]. Nevertheless,
it was shown in [4] that the βµµ′ρθε-reduction still enjoys weak normalization.
The proof relies on combinatorial arguments based on the syntactic structure
of terms. Although these arguments can be formalized in first-order logic, they
do not appear to extend naturally to the second-order propositional setting.

In this talk, based on [5], we present realizability-based proofs of strong and
weak normalization for the simply-typed λµρθε- and λµµ′ρθε-calculi. Unlike the
previous combinatorial approach, our method is formulated within the standard
realizability framework and is expected to extend to the typed λµ-calculus with
second-order propositional types.
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Financial systems and trading venues. We propose a new variant of reac-
tion systems tailored to models of computations taking place on trading venues.
Our goal is to understand how financial systems operate at the core, seen as
models of computation, and sometimes to propose how they should operate.

A notable feature of today’s economics is that it is predominantly understood
through a quantitative paradigm. For example, we often hear about quantitative
finance and almost never about qualitative finance. Our view is that cornerstone
financial systems should be understood and (re)designed with a level of rigour
comparable to that of theoretical computer science.

There is only a handful of such cornerstone systems; the most notable are
trading venues and financial derivative contracts. Trading venues have arguably
existed alongside human civilisations, naturally facilitating economic interaction
between people. In this regard, “reactions” in that domain should describe this
natural interaction between agents, rather than phenomena inside biological or
chemical systems. However, at some level, these domains appear to be related.

A trading venue (aka stock exchange, electronic market) can be seen as a
point of interaction of buyers and sellers, where trading is primarily based on
the price at which agents are prepared to buy or sell the underlying asset.

Similarities and differences. Interactions are concurrent, with a continu-
ous inflow of orders. Matching reflects a form of resource competition: more
competitive orders are selected first, while less competitive ones are effectively
inhibited by their presence. As higher-priority orders are executed and removed,
this inhibition is lifted, enabling subsequent matches. The computation termi-
nates when no further compatible interactions are possible (uncrossed market).
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Unlike standard reaction systems, entities that do not participate in inter-
actions are not discarded but persist to the next step. Conversely, entities that
participate in a match are removed from the system and recorded in a trade log.

This study is relevant for the modern financial industry because exchanges
still predominantly operate on a sequential computational core (centralised limit
order book, CLOB model, in use since the 1970s). More recently, economists
have proposed models that move towards parallel order matching, but these do
not fully achieve it (frequent batch auctions, FBA model, in 2015).

Reaction systems provide a way to understand parallelism and concurrency
at a fine-grained level that is otherwise difficult to reach.

In order to formalise both existing and novel models of exchange, we in-
troduce a new variant of reaction systems, from both a set-theoretical and a
process-algebraic perspective.

We model distributed systems with located entities, that is, resources that
computations consume from or produce to specific locations. Consequently,
entities can be either plain or associated with a location, and configurations are
collections of such entities distributed across locations.

The set-theoretical perspective distinguishes two kinds of resources. Some
entities are consumable and may be present in multiple copies, so that reactions
compete for them. Others are non-consumable and are only checked for pres-
ence. To capture this distinction, we use extended bags, allowing us to combine
quantitative and qualitative aspects within a single framework. Reactions are
defined in the standard reaction systems style as triples of reactants, inhibitors,
and products, and are applied in a context-sensitive way.

In addition to this set-theoretical view, we provide a process-algebraic for-
mulation that makes explicit the interaction between the system and its en-
vironment. In this view, reactions are treated as processes, and computation
proceeds in the presence of a context that may non-deterministically provide
entities.

We consider distributed processes, where each process is located and has
its own local reactions and local context. Contexts can be guarded, meaning
that they introduce entities only when certain conditions are satisfied. This for-
mulation allows us to model systems where multiple agents evolve concurrently
across locations, while interacting through shared resources, and provides a nat-
ural representation of dynamic inflow and coordination between components.

Contribution summary. We formalize the standard market mechanisms in
finance, namely CLOB and FBA, and introduce a model that addresses their
limitations while capturing concurrent and parallel interaction on a trading
venue. A key property of the model is that, after each computational cycle, the
market is guaranteed to be in an uncrossed (stable) state. This means that no
further trades can be performed until new participants enter.

The talk is based on [1, 2, 3] and on [4, 5, 6].
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A computable homeomorphism between two computable metric spaces is
one that is itself computable and has a computable inverse. The existence of
such a homeomorphism guarantees that the two spaces are not only topolog-
ically equivalent, but that this equivalence can be computed algorithmically.
Therefore, finding conditions under which a computable metric space is com-
putably homeomorphic to a well-known space is a frequent topic in computable
topology.

For example, if we have a segment [a, b] in R, it is computably homeomorphic
to [0, 1] if and only if a and b are computable points, which is equivalent to
saying that [a, b] is a computable set in R. On the other hand, we do not have
the same equivalences in R2. There exists a computable arc in R2 which is not
computably homeomorphic to [0, 1] and does not have computable endpoints.

One reason these equivalences hold in R is that the endpoints of a segment
possess a crucial property. Namely, if x0 is an endpoint of a segment I, then
any point in I is uniquely determined by its distance from x0. We say that x0
is a metric basis for I. This property also holds for an endpoint of a half-closed
interval in R.

In this talk, we will show how the existence of a metric basis for a space X,
together with some standard computable and topological conditions, ensures
the existence of a computable homeomorphism [0, 1] → X and [0,+∞〉 → X.
Our two main results are the following theorems:

Theorem 1 Assume that (X, d, α) is an effectively compact computable
metric space such that (X, d) is connected. If there exists a point x0 ∈ X such
that x0 is a metric basis for (X, d), then there exists a computable homeomor-
phism [0, 1] → X.

Theorem 2 Assume that (X, d, α) is computable metric space which has the
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effective covering property and such that (X, d) is connected, not compact and
has compact closed balls. If there exists a point x0 ∈ X such that x0 is a metric
basis for (X, d), then there exists a computable homeomorphism [0,+∞〉 → X.
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[3] Z. Iljazović, Co-c.e. spheres and cells in computable metric spaces, Logical
Methods in Computer Science, 7(3:05):1–21, 2011.

[4] V. Brattka and G. Presser, Computability on subsets of metric spaces, The-
oretical Computer Science 305, 43–76, 2003.

2



Effective decomposability of arcs
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A continuum (i.e. a compact and connected metric space) (X, d) is said to
be decomposable if there exist proper subcontinua K1 and K2 of (X, d) such
that X = K1 ∪K2. We examine this notion from the viewpoint of computable
topology. Let (X, d, α) be a computable metric space such that (X, d) is a
continuum. We say that (X, d, α) is effectively decomposable if there exist
proper computable sets K1 and K2 in (X, d, α) which are connected and such
that X = K1∪K2. If (X, d, α) is effectively decomposable, then it easily follows
that (X, d, α) is effectively compact. The main question is the following: if
(X, d, α) is an effectively compact computable metric space such that (X, d) is
a decomposable continuum, is (X, d, α) is effectively decomposable? We prove
that (X, d, α) is effectively decomposable if (X, d, α) is an effectively compact
computable metric space such that (X, d) is an arc. Moreover, we have the
following result.

Theorem 1 If (X, d, α) is an effectively compact computable metric space such
that (X, d) is a decomposable chainable continuum, then (X, d, α) is effectively
decomposable.
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The emergent paradigm of local-first coordination [7] envisages distributed com-
putation harnessed by peer-to-peer architectures. The holy grail of localfirst
coordination is to let applications –and hence their users– to retain control on
their computational resources as well as to foster autonomy [5, 6, 3, 4]. In fact,
local-first coordination allows applications to continue to operate in isolation;
intermittent connectivity is no longer an issue since the computational state is
replicated among peers rather than maintained by third-party servers.

The quest for the holy grail imposes to move away, as much as possible,
from the so-called cloud computing. Following this principles, we have recently
proposed friend-to-friend choreographies [2], a new approach to distributed coor-
dination aiming to build applications supporting distributed groupware among
communities of trusted users1 that, with an appropriate cryptographic infras-
tructure that features dissemination of events while ensuring confidentiality.
Our key technical support is Nearbytes [10], a decentralised infrastructure for
local-first communication and storage that organises interactions through cryp-
tographically protected shared logs.

In this work we spell out the cryptographic infrastructure of Nearbytes, by
giving a precise specification that enables us to reason about the security guaran-
tees of our framework. In fact, in [2] we abstracted away from the cryptographic
infrastructure necessary to ensure the confidentiality of the communications, and
relied on the implementation offered by Nearbytes. This approach allowed us to
separate the concern of designing the application from the concern of confiden-
tiality by taking care of the latter through a projection operation designed to
identify which agents must be aware of an interaction and which agents can re-
main oblivious to it. In our F2F choreographies, the projection operation yields

1This idea has been proposed in [8, 9] that suggested to base peer-to-peer coordination on
trust emerging by “social relationships”.
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a set of automata that formalise the behaviour that each agent should follow
locally. These step embed master secrets for confidential communication (or for
each group of participants interested by a specific projection of the communica-
tion). The master secret depends on sub-secrets (e.g. secret unique identifiers,
or private keys) that are uniquely linked to each participant and combined for
each relevant group of actor, therefore decoupled from each other.

Here we will give a formalisation of this cryptographic infrastructure of Near-
bytes and use it to detail how the projection operation in [2] exploits them
to ensure confidentiality of our friend-to-friend coordination framework. The
strenght of Nearbytes relies upon deterministic asymmetric keypair generation,
made practical via ed25519 [1]. An agent independently derives a keypair from
the master secret S so that agents sharing the same secrets share the same
public-private keypair, say (PubS ,PrvS). Therefore, each communication can
use the private key PrvS to sign messages, which in Nearbytes correspond to
a write authorisation token on a channel identified by the public key PubS .
Messages are also symmetrically encrypted using the master secret, so they can
only be read by the participants.

Such infrastructure enables us to structure each channel as a partially ordered
event log, independent from other channels; the partial ordering is an unavoid-
able feature, due to asynchronous concurrency. Also, the use of multicast allows
multiple writers and multiple readers. The more abstract cryptographic lan-
guage which is compiled in the way described above features non-deterministic
choice and sequence, making together a strong, expressive combination.

Let us review the issue with an example.
Consider for instance four agents A, B, C, D, E. The choreographic lan-

guage can express protocols such as:

either A sends a confidential message to B and then C sends a confidential
message to E

or A sends a message to E and then both C and D send a confidential
message to E.

Note that in the first branch above, C is not involved in the interaction
between A and B; likewise in the other branch C and D are not involved in
the interaction between A and E. Assuming asynchronous communications, the
realisation of this protocol in a traditional setting requires the introduction of
hidden interactions in order to “flag” to B or to C and D which branch A had
non-deterministically chosen. The choice what “hidden” interactions to add is
arbitrary (and inefficient).

Instead, the choice of modelling channels by shared secrets, and deriving the
secrets from the participant identities, permits a fully decentralised communi-
cation where each interaction is only seen and used by the participants that
necessitate them at each step. In our example, there is one channel shared by
A, B, and C, so that C can observe whether A has sent a message to B without
needing to know the content of that message. Similarly, a secret shared among

2



A, C, D, and E, allows C and D to observe whether A has sent a message to
E without B needing to know that secret, making it inherently decoupled from
that interactions.
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Higher-dimensional automata (HDAs), introduced by Pratt and van Glabbeek
[13, 15], are a general geometric model for non-interleaving concurrency which
subsumes, for example, event structures and Petri nets [16]. HDAs of dimension
one are standard automata, whereas HDAs of dimension two are isomorphic to
asynchronous transition systems [6, 14]. As an example, Figure 1 shows Petri
net and HDA models for a system with two events, labeled a and b. The Petri
net and HDA on the left side model the (mutually exclusive) interleaving of a
and b as either a.b or b.a; those to the right model concurrent execution of a
and b. In the HDA, this independence is indicated by a filled-in square.

We have recently started to develop the language theory of HDAs. [9] in-
troduces languages of HDA as sets of partially ordered multisets with inter-
faces (ipomsets) [10] which are closed under order refinement (subsumption).
[11] shows a Kleene theorem for HDAs, connecting rational and regular ipomset
languages (those accepted by finite HDAs). [12] shows a Myhill-Nerode theorem,
that ipomset languages are rational iff they have finite prefix (or equivalently,
suffix) quotient, and [1, 3] introduce a notion of MSO for ipomsets and show
that languages are rational iff they are MSO-definable, of finite width, and sub-
sumption closed. Other recent work shows a Kamp theorem and results on
recognizability, closure and decision properties, real-time extensions, and rela-
tions with Petri nets [2, 4, 5, 7, 8].

a b

a b

b a

a b

b a

a b

Figure 1: Petri net and HDA models distinguishing interleaving from non-
interleaving concurrency. Left: models for a.b+ b.a; right: models for a ‖ b.
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I will give an introduction to higher-dimensional automata and their lan-
guages, with a focus on their algebraic and categorical properties. I will then
say something about their language theory proper and try to convey intuition
about where it differs from standard automata theory.
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Gödel logics GV , (where set of truth values V is a closed subset of [0, 1]
containing 0 and 1) form an essential class of intermediate logics, those that are
stronger than intuitionistic logic yet weaker than classical logic. The language is
standard (propositional, first-order) with countably infinite propositional vari-
ables Ai, connectives ∧, ∨, →, and the constants ⊥ for ”false” and ⊤ for ”true”;
Atomic formulas include propositional variables, and truth constants.

Definition 1. A valuation I based on V is a function from the set of proposi-
tional variables into V given as follows:

(1) I(⊥) = 0, (2) I(⊤) = 1, (3) I(A ∧B) = min{I(A), I(B)},
(4) I(A ∨B) = max{I(A), I(B)}, (5) I(∀xA(x)) = inf{I(A(u)) u ∈ UI},

(6) I(∃xA(x)) = sup{I(A(u)) u ∈ UI}, (7) I(A ⊃ B) =

{
I(B), I(A) > I(B),

1, I(A) ≤ I(B).

A formula in Gödel logic is valid iff the formula evaluates to 1 under every
interpretation. The Gödel logic GV is defined as the set of valid formulas. Note
that the validity and 1-satisfiability are not dual in Gödel logic.

The asymmetry between the truth values 0 and 1 in Gödel logics, stemming
from continuity conditions at 1, motivates the introduction of the absoluteness
operator ∆ [?], which precisely identifies formulas evaluating to 1

I(△A) =

{
1 if I(A) = 1,

0 otherwise.
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Proposition 1. There is no connective △ definable with other connectives and
variables

Proof. There are a finite number of 1-variable functions in Gödel logic.

⊤,⊥, A,¬A,¬A ∨A,¬A ⊃ A

Assume that △ is definable by some of the function F , i.e., △(A) ↔ F (A).
Now we look at the F in G3, because if △ is not definable in G3 then it is not
definable in all larger Propositional Gödel logics.
The following truth table shows that none of them defines △ and they are closed
under composition by all connectives:

A ¬A ⊤ ⊥ A ∨ ¬A ¬A→ A △A
0 1 1 0 1 0 0

1/2 1/2 1 0 1/2 1 0
1 0 1 0 1 1 1

Therefore we introduce the connective △ extending the language.

We present a method for eliminating the absoluteness operator △ from
propositional Gödel logics by adopting a restricted semantics, where all propo-
sitional atoms, except the constant for truth, are interpreted strictly below 1.
Although △ is not definable from other connectives in standard Gödel logics,
we show that under the restricted semantics, every formula with △ is equivalent
to a disjunction of chains, thus eliminating △ entirely.

To indicate the use of such semantics, we denote Gödel logics by G−
V . The

valuation remains the same as defined above.

Proposition 2. The formula F (x1 . . . xn) in Gödel logic G−
△ is valid in the

restricted semantics iff (¬△x1 ∧ · · · ∧ ¬△xn) → F is valid in Gödel logics G△
with △ in the usual semantics .

The argument used for the propositional case does not extend to the first-
order case. For example, when 1 is not isolated and does not belong to a perfect
set, however, 0 is isolated or does belong to a perfect set, the first-order Gödel
logic with △ is not recursively enumerable, while the first-order Gödel logic
without △ is. This holds both for standard and restricted semantics. Conse-
quently, in restricted semantics, first-order formulas with △ are not (validity)
equivalent to those without △. Therefore there is not even an effective valid-
ity equivalence elimination of △, and obviously no valid equivalence as in the
propositional case. However, in the witnessed setting, all quantifier-shift princi-
ples are available and axiomatized, which allows us to extend the △-elimination
algorithm to witnessed Gödel logics.
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Justification logic is an explicit modal logic where the 2 modality is replaced
with an explicit proof term t. The modal formula 2A read as ‘A is provable’
is replaced with [t]A interpreted as ‘t is a proof of A’. Proof terms are then
manipulated through proof operations. In standard justification logics, the usual
operations include the proof application operation which internalises modus
ponens. The first justification logic is the logic of proofs (LP) introduced in [?, ?]
which is an explicit counterpart to the classical modal logic S4. Via the Gödel
translation of intuitionistic propositional logic (IPL) into S4, LP can also be read
as a provability semantics for IPL. Under this reading, Hilbert-style proofs of
IPL embed directly into LP: a theorem A of IPL is translated to a theorem [t]A of
LP for some proof term t. These proof terms can in turn be constructed through
the lens of combinatory logic, where they correspond directly to manipulations
of axiomatic reasoning and modus ponens [?].

With a similar motivation, we propose a Justification Logic of the λ-calculus,
Jλ, an intuitionistic logic, where we incorporate terms of the λ-calculus of the
negative fragment, more specifically the (∧,⊃)-fragment, of IPL (λIPL). We do
so through embedding proofs of the λ-calculus into the logic, similarly to how
Hilbert proofs of IPL are embedded into LP.

A feature of justification logic is internalisation, where the logic can inter-
nally reason about its own proofs. We utilise this for Jλ where the logic is then
able to reason about its own computation. As a natural next step, we then ex-
plore a natural deduction formulation of Jλ to explore the computational content
of that system and see how such content and proof terms relate.
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The quest to explore a connection between proof terms and λ-terms be-
gan with Artemov [?] where LP was studied on an intuitionistic base giving
a Gentzen-style sequent calculus and natural deduction system. The computa-
tional content of the resulting intuitionistic logic of proofs (iLP) was investigated
through a Curry-Howard interpretation, although only a limited argument for
normalisation was given. In [?] strong normalisation for (iLP) is achieved by us-
ing an extended natural deduction system which traces ‘historical’ computation
through judgements. Other attempts include [?], using ideas of the λ-calculus,
and [?] through the lens of type theory.

The system in [?] is later utilised in [?, ?, ?, ?] to study of other justification
logics of computations. Of note, [?] studies the Hypothetical Logic of Proofs, a
logic of natural deduction judgements of justification logic in which terms of the
λ-calculus of the traced computation are incorporated into the proof terms of the
justification logic. The obstacle that recurs throughout this line of work is that
the λ-calculus is strictly more expressive than proof terms of LP: establishing
a connection requires notions of term equality that have no direct counterpart
on the justification logic side. As our logic is distinct to LP, and is constructed
directly from the λ-calculus, we do not need to make such considerations.

Contributions. We introduce Jλ axiomatically, discuss its internalisation
features and how the λ-calculus (λIPL) embeds into the logic. We also introduce
the typed λJλ natural deduction calculus and relate the proof terms of the lan-
guage of Jλ to the term calculus of λJλ. To achieve normalisation, we construct
and utilise Gentzen-style proof theory for Jλ (LJλ) proving a cut-elimination re-
sult. As we are working in the negative fragment, showing cut-elimination holds
equates to normalisation. For full details of the results, the reader is referred
to [?].
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In their seminal paper [1] in 2012, Jockusch and Schupp introduced a sys-
tematic study of generically and coarsely computable sets of natural numbers,
based on the notion of asymptotic density. While for generic computability we
may not have answers on inputs from a subset of asymptotic density zero, for
coarse computability we may have wrong answers on inputs from a subset of
density zero. These notions were motivated by decision problems in combinato-
rial group theory. Many problems that are impossible to solve algorithmically
on all inputs become easier if we only require that they be solved on a dense
subset of inputs. We say that a set is dense if its asymptotic density is one. For
example, the word problem for finitely generated groups is coarsely computable.

Together with Cenzer and Calvert, we extended this framework by introduc-
ing densely computable structures such as generically and coarsely computable
ones (see [2]). We say that a countable (infinite) structure is generically com-
putable if it has a computably enumerable (abbreviated as c.e.) substructure
the domain of which is a dense set. A structure A is coarsely computable if
there are a computable structure E and a dense set D such that the struc-
ture with domain D is a substructure of both A and E and all relations and
functions agree on D. There are generically computable structures that are
not coarsely computable and vice versa. These notions are further stratified by
natural graded model-theoretic elementarity conditions for dense substructures
that approximate structures. For example, a structure A is Σn-generically c.e.
if there is a c.e. dense subset D such that the substructure with the domain D
is a c.e. substructure of A and also a Σn elementary substructure of A. There
are two directions in which these notions could potentially trivialize: either all
structures have a densely computable copy, or only those having a computable
(or a c.e.) copy.

We investigated dense computability variants for structures in general, and
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in particular for equivalence structures, directed graphs induced by a unary one-
to-one function, and abelian p-groups (see [2], [4]). For example, while every
countable abelian p-group has a generically computable copy, this is not the case
with abelian groups in general. More recently, jointly with Calvert, Cenzer, and
Gonzalez, we also investigated dense computability for linear orders (see [5]).

In [3], we introduced the notions of densely computable isomorphisms. When
computable isomorphic structures are not computably isomorphic, we investi-
gate whether they are densely computably isomorphic ([3], [4]). We say that an
isomorphism F from a structure A to a structure B is generically computable
if there is a substructure of A with a computably enumerable domain C, with
both C and its image under F being of asymptotic density one, and there is a
partial computable function θ with domain C such that θ is equal to F on C.
For example, there are computable abelian p-groups that are countably infinite
products of cyclic groups of order p and p2, which are not computably isomor-
phic. However, we gave conditions under which two such groups are generically
computably isomorphic.
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Justification logics are epistemic logics in which modal formulas are replaced
by formulas of the form t : A with the intended interpretation t is a justification
for A. In [1], Artemov introduced the Logic of Proofs LP, in which the expression
t : A has an interpretation t is a proof of A. He then proved a realization theorem
connecting LP and the standard modal logic S4. More precisely, the forgetful
projection of any formula of LP is obtained by replacing every subformula of the
form t : A with 2A. The realization theorem states that not only the forgetful
projection of any formula provable in LP is provable in S4, but also any formula
A provable in S4 turns out to be the forgetful projection of a formula B provable
in LP. Shamkanov in [3] introduced the justification logic JGL, corresponding
to the Gödel-Löb provability logic GL, and proved the corresponding realization
theorem. His proof relies on the sequent calculus for GL.

Interpretability logic IL extends the Gödel-Löb provability logic GL with a
binary modality formalizing interpretability (see [4]). In [2] we introduced a non-
wellfounded sequent calculus for IL and gave a simple proof of cut elimination
for IL.

In this talk, I will present a new justification logic corresponding to the inter-
pretability logic IL. In addition, I will briefly outline the proof of the realization
theorem establishing the correspondence between these two systems.
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A co-computably enumerable set is given by negative information. In the
usual metric setting this means that its complement can be effectively covered
by rational open balls. Such information alone is not sufficient to obtain com-
putability. In general, a nonempty co-computably enumerable closed set need
not contain a computable point, and it need not be computable [5]. Therefore it
is natural to ask which additional topological conditions make it possible to pass
from negative information about a closed set to full computability of that set.
One important source of such additional information is the component structure
of the complement. If the complement of a co-computably enumerable closed
set is disconnected, then its connected components may carry information about
the boundary of the set. In this abstract we isolate a finite-component boundary
condition which turns this topological information into an effective enumeration
of all basic open sets intersecting the given set. To formulate this precisely, we
first fix the framework in which these basic open sets are given.

Let (X, T ) be a topological space and let (Ii)i∈N be a countable basis for
T . We say that the triple (X, T , (Ii)) is a computable topological space if there
exists a computably enumerable set C ⊆ N2 such that the following conditions
hold:

(i) If (i, j) ∈ C, then Ii ⊆ Ij .
(ii) Whenever x ∈ Ii ∩ Ij , there exists k ∈ N such that

x ∈ Ik, (k, i) ∈ C, (k, j) ∈ C.
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Related definitions and approaches to computable topological spaces may be
found in [6, 1, 7, 3]. A closed subset S of (X, T ) is said to be computably
enumerable in (X, T , (Ii)) if

{i ∈ N : Ii ∩ S 6= ∅}
is computably enumerable. A set S ⊆ X is said to be co-computably enumerable
(closed) if there exists a computably enumerable set A ⊆ N such that

X \ S =
⋃

i∈A

Ii.

Finally, S is computable (closed) if it is both computably enumerable and co-
computably enumerable.

To use the connected components of X \S effectively, we need the basis to be
compatible with connected neighbourhoods. This is provided by effective local
connectedness. Informally, this means that the space admits an effective basis
consisting of nonempty connected open sets. More precisely, it is formulated
by requiring a sequence of nonempty connected open sets which is computably
equivalent to the given basis (Ii), following the idea used in the metric case in
[4, 2]. The main result is the following boundary criterion.

Main result. Let (X, T , (Ii)) be an effectively locally connected computable
topological space. Let S ⊆ X be co-computably enumerable. Suppose that X \ S
is disconnected and has finitely many connected components. Assume moreover
that each point x ∈ S lies in the boundary of at least two different connected
components of X \ S. Then S is computable in (X, T , (Ii)).

This result shows how a purely topological boundary condition on a co-
computably enumerable closed set can provide the missing positive information
needed for computability. In particular, the condition that each point of S is a
boundary point of at least two components of the complement turns the finite
component structure of X \ S into a computably enumerable criterion for basic
open sets to intersect S.
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It is known that any two points are arcwise connected in a Peano continuum,
which is a connected, compact and locally connected metric space. We examine
effective Peano continua - connected, effectively compact and effectively locally
connected computable metric spaces - and prove an effective version of this
result: in an effective Peano continuum, any two distinct computable points are
connected by a computable arc. Using this, we prove the following result.

Theorem 1 In a connected, effectively compact and effectively locally connected
computable metric space (X, d, α), any arc can be arbitrarily closely approxi-
mated by a computable arc with computable endpoints.
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Algebraic semantics for many non-classical logics is built around ordered
monoidal structures: residuated chains, BL- and MTL-chains, and closely related
totally ordered monoids are typical examples. Decomposition and representation
theorems for such structures therefore contribute to the structural study of formal
systems and of reasoning in many-valued or substructural settings. This talk
reports two connected results on a class of finite totally ordered monoids. The first
is an object-level canonical representation theorem, developed in [?]. The second is
its categorical refinement, developed in [?], which identifies the morphism classes
for which the representation becomes an equivalence of categories.

Let M = 〈M,≤, ·, e〉 be a finite totally ordered monoid. For x ∈M , let τr(x) be
the greatest element z ≥ e such that xz ≤ x, and let τ`(x) be the greatest element
z ≥ e such that zx ≤ x. We call M local-unit-aligned if τr(x) = τ`(x) for every
x ∈M . In that case the common value is denoted by τ(x), and gives a local-unit
map τ : M → Id+(M), where Id+(M) is the positive idempotent skeleton of M.
This definition is deliberately formulated beyond the usual commutative or integral
assumptions.

The object-level result starts from the observation that the local-unit map
contains enough information to decompose and reconstruct the whole ordered
monoid. From τ we extract a canonical partition of Id+(M). Among the partitions
of the positive idempotent skeleton, we take the finest one for which the block
of τ(xy) depends only on the blocks of τ(x) and τ(y). This is the canonical
τ -multiplication-coherent partition, denoted Cm(M). Its induced element-layers
form a partition Lm(M) of M . Each layer carries a natural finite local-unit-aligned
totally ordered monoid structure, and the ambient multiplication determines
transition maps between the component monoids.

The central representation theorem of [?] states that every finite local-unit-
aligned totally ordered monoid admits a canonical finite chain-indexed direct-
system representation

D(M) =
(
(MA)A∈Cm(M), (ρA,B)A≤minB

)
,

where the index chain is ordered by the minima of the canonical blocks. Conversely,
every direct system of the corresponding kind reconstructs a finite local-unit-aligned
totally ordered monoid whose universe is the disjoint union of the components,
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whose order is the directed lexicographic order, and whose multiplication is com-
puted after transporting both factors to a common upper component. For x ∈Mi,
y ∈Mj , and k = max{i, j}, this product is xy = ρi,k(x) ·k ρj,k(y). The reconstruc-
tion is canonical: starting with M, forming D(M), and reconstructing gives back
a monoid canonically isomorphic to M.

A finite rigidity phenomenon turns this direct-system representation into a
particularly strong one. The compatibility condition needed for the directed-
lexicographic reconstruction to be an ordered monoid forces every proper transition
map to be constant at the unit of the target component. Consequently, cross-
level multiplication is absorptive: when two elements lie in different canonical
components, the higher component controls the product through its local unit.
Thus the representation is Clifford-like in two senses. Before rigidity is used, it
resembles a component-and-transition-map reconstruction, as in strong-semilattice
or Plonka-type representation principles. After finite rigidity is applied, it becomes
ordinal-sum-like, in the spirit of Clifford’s theory of naturally totally ordered
commutative semigroups, but now in a possibly noncommutative setting where
the identity need not lie at either endpoint of the chain.

The novelty is that no global multiplicativity law τ(xy) = τ(x)τ(y) is assumed.
In the earlier residuated-chain setting of [?], local-unit stratification by the fibres
of τ , together with the directed lexicographic order, was governed by such a strong
global law. The present theorem replaces this exceptional multiplicativity by
block-level multiplication coherence: the canonical quotient Cm(M) is precisely
the quotient of the positive idempotent skeleton from which the components,
transition maps, directed lexicographic order, and cross-component multiplication
are recovered. This makes the local-unit geometry of M not merely descriptive,
but structurally definitive.

The categorical sequel [?] asks for the categorical content of the same representa-
tion. Once a monoid has been replaced by its canonical rigid direct system, one must
decide which homomorphisms of monoids are represented exactly by morphisms of
systems. There is no single natural answer. Two complementary morphism theories
arise. The first uses strict block morphisms: isotone unital monoid homomorphisms
which send each canonical component into a canonical component and send the
distinguished block unit to the corresponding target block unit. If LUAblk

fin de-
notes the resulting category of finite local-unit-aligned totally ordered monoids,
and RigDSfin denotes the category of finite rigid direct systems with directed-
order-compatible system morphisms, then the decomposition and reconstruction
assignments form quasi-inverse equivalences D : LUAblk

fin � RigDSfin : M. This is
the cleanest categorical expression of the object-level theorem: component struc-
ture, transition compatibility, and the directed order are all preserved explicitly.

The second morphism theory is intrinsic to the local-unit map. An isotone
unital homomorphism f : M → N is τ -compatible when τN(f(x)) = f(τM(x))
for every x ∈ M . Such a map need not preserve individual block units, and it
may identify distinct positive idempotents. Hence several source components may
collapse into a single target component. On the direct-system side this is encoded
by a non-injective isotone index map together with component maps satisfying the
corresponding compatibility, unit, and absorption conditions. Rigidity is essential
here: the unit-constant transition maps are exactly what make component collapse
compatible with multiplication and order. The second categorical theorem states
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that the categories of finite local-unit-aligned totally ordered monoids with τ -
compatible homomorphisms and of rigid direct systems with τ -compatible collapse
morphisms are again equivalent, via quasi-inverse functors Dτc and Mτc.

The two equivalences are complementary rather than nested. Strict block
morphisms remember the canonical components and their distinguished block
units component by component; τ -compatible homomorphisms are formulated
solely by the equation τNf = fτM, and therefore record the same geometry at a
more intrinsic level. Examples in [?] show that a τ -compatible homomorphism
need not be a strict block morphism, and a strict block morphism need not be
τ -compatible. The combined result is therefore both a structural and a functorial
classification of finite local-unit-aligned totally ordered monoids: the canonical
decomposition is an object-level reconstruction device and also a functorial invariant
for the two natural morphism classes controlled by local units.

For the purposes of LAP, the relevance is twofold. First, the work provides
new finite algebraic representation tools for ordered monoidal semantics without
assuming commutativity or the strong additional hypotheses typically needed in
residuated-chain representation theory to obtain meaningful structural decom-
positions. Second, the categorical refinements clarify which maps preserve the
semantic content of the decomposition. Thus local units, positive idempotents,
and rigid direct systems provide a common language connecting ordered algebra,
many-valued and substructural semantics, and categorical methods in algebraic
logic.
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Common knowledge plays a central role in modeling coordination and agree-
ment in distributed and multi-agent systems [5, 3]. Halpern and Moses showed
that common knowledge is a prerequisite for certain forms of coordinated action,
but also that it is extremely fragile: even arbitrarily small uncertainty about
message delivery or clock synchronization makes common knowledge unattain-
able, which is the so-called Halpern–Moses paradox [5].

Since real coordination is inherently approximate, a line of work weakens the
simultaneity built into common knowledge: ε-common knowledge requires the
levels of mutual knowledge within a time window of length ε, and probabilistic
and concurrent common knowledge relax it in other ways. We study even-
tual common knowledge, the greatest fixed point of eventual mutual knowledge
E3

G (just as common knowledge is the greatest fixed point of mutual knowl-
edge [2]): a group G has eventual mutual knowledge of φ if every agent knows
φ at some time, with no simultaneity imposed. In the runs-and-systems frame-
work, I, r,m � E3

G φ holds iff for every i ∈ G there is some time mi with
I, r,mi � Ki φ.

Epistemic principles of this kind are in particular used for modelling appli-
cations in distributed computing. The Firing Rebels with Relay problem [4]
is closely related to eventual common hope, an epistemic notion that lies in
a certain sense between belief and knoweldge. Bitcoin and other distributed
ledger protocols have been studied using ∆-2-common knowledge [6] and prob-
abilistic common knowledge [8]. Related analyses of blockchain protocols are,
e.g., [1, 9, 10, 11], where the standard notion of common knowledge is used.

We introduce a possible world model for eventual common knowledge and
give a sound and complete Hilbert-style axiomatization. The completeness proof
is based on a canonical model construction that yields finite countermodels.
Hence we obtain the finite model property and decidability. We also show that
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eventual common knowledge departs sharply from standard common knowledge:
it is strictly stronger than the infinite conjunction of its finite approximants, it
is not factive, and it fails normality.

This presentation is based on our paper [7], which contains all details and
full proofs.
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[1] Brünnler, K., Flumini, D., Studer, T.: A logic of blockchain updates.
Journal of Logic and Computation, 30(8):1469–1485, December 2020.
doi:10.1093/logcom/exaa045.

[2] Bucheli, S., Kuznets, R., Studer, T.: Two ways to common knowledge.
Electronic Notes in Theoretical Computer Science, 262:83–98, 2010. Pro-
ceedings of the 6th Workshop on Methods for Modalities (M4M-6 2009).
doi:10.1016/j.entcs.2010.04.007.

[3] Fagin, R., Halpern, J.Y., Moses, Y., Vardi, M.Y.: Reasoning About Knowl-
edge. MIT Press (1995) doi:10.7551/mitpress/5803.001.0001

[4] Fruzsa, K., Kuznets, R., Schmid, U.: Fire! In J. Halpern and A. Perea,
editors, Proceedings of the Eighteenth Conference on Theoretical Aspects
of Rationality and Knowledge, Beijing, China, June 25–27, 2021, Beijing,
China, June 25-27, 2021, volume 335 of Electronic Proceedings in Theoret-
ical Computer Science, pages 139–153. Open Publishing Association, 2021.
doi:10.4204/EPTCS.335.13.

[5] Halpern, J.Y., Moses, Y.: Knowledge and common knowledge
in a distributed environment. J. ACM 37(3), 549–587 (1990)
doi:10.1145/79147.79161

[6] Halpern, J.Y., Pass, R.: A knowledge-based analysis of the blockchain pro-
tocol. In J. Lang, editor, Proceedings of the Sixteenth Conference on The-
oretical Aspects of Rationality and Knowledge, Liverpool, UK, 24–26 July
2017, number 251 in Electronic Proceedings in Theoretical Computer Sci-
ence, pages 324–335, 2017. doi:10.4204/EPTCS.251.22.

[7] Kuznets, R., Randrianomentsoa, R., Studer, T.: Axiomatizing Eventual
Common Knowledge. In: Logic, Language, Information, and Computation
WoLLIC 2026, in print
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Cut-elimination is one of the central techniques of proof theory. Beyond es-
tablishing consistency, it provides access to the computational content of proofs,
enabling the extraction of interpolants, algorithms, and Herbrand information.
The traditional reductive cut-elimination method of Gentzen [6] is however often
computationally expensive and tends to obscure the global structure of proofs.

The CERES method (Cut-Elimination by Resolution) [4] approaches cut-
elimination from a fundamentally different perspective. Instead of eliminating
cuts locally, CERES decomposes a proof ϕ (of some end-sequent Γ ` ∆) into
two components: a characteristic formula F encoding the interaction of cuts
and a cut-free projection ϕ∗ preserving the local logical structure of the proof.
The characteristic formula is unsatisfiable by construction, and its refutation ψ
determines substitutions θ1, . . . , θn that are used to instantiate the projection,
obtaining the result of CERES, the CERES normal form:

(ϕ∗θn)

Γ ` ∆, F θn

(ϕ∗θ2)

Γ ` ∆, F θ2

(ϕ∗θ1)

Γ ` ∆, F θ1

(ψ)

Fθ1, . . . , F θn `
cut

Γ, F θ2, . . . , F θn ` ∆
cut+ c∗

Γ, F θ3, . . . , F θn ` ∆

...
cut+ c∗

Γ ` ∆

While the CERES normal form still contains cuts, they are quantifier-free and
thus allow for the extraction of crucial mathematical information. A demonstra-
tion of the ability of CERES to expose computational content from proofs was
given in [3], where Fürstenberg’s topological proof of the infinitude of primes
was formalized as a sequence of LK-proofs. After applying CERES to the entire
sequence, Euclid’s original argument of prime construction was obtained.
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The key conceptual advantage of CERES is the separation of normalization
from proof analysis. While the characteristic formula captures the global inter-
action between cuts, the projection already contains the local proof-theoretic
information of the original proof. Consequently, many proof-theoretic con-
structions can be carried out directly on the projection, without constructing
a CERES normal form, i.e. without proof normalization. This is particularly
suitable for the extraction of Herbrand sequents. Herbrand’s theorem [1] charac-
terizes the validity of a first-order formula by the existence of a propositionally
valid combination of suitable instances of that formula. In the sequent calcu-
lus setting, the essential information is given by the instantiations of quantified
formulas occurring in a proof. We show by an adaptation of the results in [8]
that this information can be extracted directly from the projection.

Theorem 1.

Given a proof with cuts ϕ, let H(ϕ∗) be the Herbrand sequent extracted from
the projection ϕ∗ alone. Let Θ be the set of substitutions obtained from a
refutation of the characteristic formula. Then

×θ∈ΘH(ϕ∗)θ

is the Herbrand sequent of the original proof (× denoting the merge operator
on sequents).

While this result yields substantial complexity improvements, it also leads to
a more general structural characterization of Herbrand extraction via CERES.
Indeed, since reductive cut-elimination is non-confluent [2], different reduction
strategies may produce different cut-free proofs and therefore different Herbrand
sequents. This raises the following question: Which Herbrand sequents can be
extracted from a given proof with cuts? As CERES simulates Gentzen-style
normalization procedures [4], we obtain a static criterion for extractability.

Theorem 2.

Let ϕ be a proof with cuts and let H(ϕ∗) denote the Herbrand sequent ex-
tracted from the projection. Then every Herbrand sequent obtainable from ϕ
by reductive cut-elimination is of the form

×θ∈ΘH(ϕ∗)θ,

for some set Θ of substitutions.

If a Herbrand sequent cannot be represented as a combination of substitution
instances of H(ϕ∗), then it cannot be obtained from the proof by any form of
reductive cut-elimination.

A similar phenomenon appears in interpolation. As shown in [5], interpolants
of proofs containing cuts can be extracted directly from projections without
normalizing the proof. Again, the relevant proof-theoretic information is already
present in the cut-free fragments obtained through CERES in its projection.

The scope of these ideas extends beyond ordinary first-order proofs. In [7],
inductive proofs are represented by proof schemata, finite objects describing
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recursively defined sequences of proofs. The schematic version of CERES pro-
vides characteristic formulas and projections at the schematic level and thereby
enables proof-theoretic analysis of inductive arguments. Herbrand information
has been shown to be extractable directly from schematic projections, suggesting
that extractability criteria and interpolant constructions developed for ordinary
LK-proofs can be lifted systematically to the inductive setting.

Taken together, the significance of CERES does not lie solely in providing
an alternative route to cut-elimination. Rather, the method isolates projections
as canonical carriers of computational information. Herbrand sequents, inter-
polants, extractability criteria, and schematic proof analyses can all be obtained
from these cut-free fragments before normalization is completed. In this sense,
CERES should be viewed not only as a method of cut-elimination but as a
general framework for proof analysis.
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Bijenička cesta 30, 10000 Zagreb

E-mail:
1
helena.marcius@math.hr

Keywords:
Topological semantics, Conservativity logic, Interpretability logic, Bisim-
ulations, Bisimulation games

Conservativity logic CL, introduced by Ignatiev [3], and interpretability logic
IL, introduced by Visser [6], are extensions of provability logic GL with a binary
modality �. Since these logics are not strongly complete with respect to their
relational semantics, Iwata and Kurahashi [4] introduced topological semantics
for CL and IL and proved the strong completeness of these logics with respect
to their topological semantics.

In this talk, we define topological bisimulations for this semantics and discuss
their properties. We show that bisimilar points are modally equivalent, and we
prove the analogue of the Hennessy-Milner theorem.

We also introduce topological bisimulation games and prove that two points
are bisimilar if and only if Duplicator has a winning strategy in every topological
bisimulation game starting with these points.
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Verification of equational programs by inductive theorem proving faces a dilemma
between program expressiveness and proof automation. On the one hand, equa-
tional languages like Maude [1], CafeOBJ [2], and OBJ [3] support sophisticated
features such as order-sorted types, conditional equations, and rewriting mod-
ulo axioms (of associativity, commutativity, and identity) that allow elegant
and concise specifications of complex systems. On the other hand, the high ex-
pressiveness of these logics reduces the applicability of fully automated provers,
inclining users toward interactive environments that, while powerful, require
significant manual effort and expertise.

To bridge this gap, an inductive theorem prover must not only support
the full expressiveness of the language’s equational logic, but should also scale
up to large proofs by maximizing automation. This requires moving beyond
simple rewriting tactics to employ powerful, theory-aware symbolic reasoning.
The inductive inference system for order-sorted equational logic modulo axioms
used by NuITP was proposed and proved sound in [4] and aims precisely at
achieving these goals. This system integrates twenty-one inference rules based
on advanced symbolic techniques – including narrowing, constructor variant
unification, variant satisfiability, order-sorted congruence closure and ordered
rewriting – tailored to work natively modulo axioms. Crucially, the theoretical
analysis in [4] identifies that a majority of these rules (12 out of 21) are simpli-
fication rules, meaning that they can be applied automatically to discharge or
simplify goals without user intervention.

This talk will present NuITP, the first full-scale implementation of the infer-
ence system described in [4]. Its main goal is to make the formal verification of
programs in expressive equational languages considerably easier and more scal-
able than up to now by combining high levels of automation based on powerful
symbolic methods with a variety of sophisticated explicit induction methods
considerably more versatile and effective than standard structural induction.
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Abstract

Redescription mining [7] is an unsupervised data mining methodology tasked
with discovery of subsets of entities that can be characterized by multiple des-
criptions. These descriptions are presented as tuples of rules and called re-
descriptions. Rules that form redescriptions should describe mutually similar
subsets of entities, or ideally all describe the same set of entities. Discovery and
analyses with redescriptions is increasingly used in a variety of domain tasks,
where a set of entities (people, countries, locations, species etc.) can be charac-
terised with multiple mutually disjoint sets of attributes. These sets can portray
different aspects of entities, measure their state in different time points or pha-
ses of life-time. Redescriptions reveal strong equivalence relations between these
different aspects, providing unique rule-based descriptions that can potentially
lead to novel domain insights.

The CLUS-RM algorithm [4] is a redescription mining algorithm based on
Predictive Clustering trees [3], capable of producing large number of redescrip-
tions. The CLUS-RM algorithm applies a conjunction refinement operation to
increase redescription accuracy [4] and utilizes redescription set construction by
redescription extraction procedure [4] to create a fixed-sized set of representa-
tive redescriptions from a larger pool of candidates. This significantly smaller
set of representative redescriptions of user-defined size is ultimately presented
to the user. The ability of the CLUS-RM algorithm to produce large number
of candidates and the fact it retains many candidates in memory prior final
set construction makes it suitable for application of genetic metaheuristics [2].
Genetic operators and selection techniques from the domain of genetic algorit-
hms can introduce modifications into available candidate redescriptions with
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the main goal of increasing diversity and accuracy of available candidates, ulti-
mately leading to outputs of superior quality.

In this work, we study genetic selection, mutation and crossover operators
of redescriptions, modifying, adapting and extending existing techniques for
rule mining [1] and association rule mining [8]. We also develop a tournament
strategy [5] that allows using available CLUS-RM candidates and the most pro-
mising candidates to produce extended set of candidates with the ultimate goal
of improving overall quality of produced output sets of redescriptions. Unlike
many applications where genetic operators are applied to a fixed set of candida-
tes, here each iteration brings completely new candidates, thus techniques will
need to be adapted in a direction of open-ended evolution [6]. Special atten-
tion will be given to efficient incorporation of the developed extensions into the
CLUS-RM algorithm.
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Given a fibration p : E → C and a morphism f : B → A in the base category C,
Grothendieck’s descent theory [3] studies the problem of reconstructing the fiber
EA from the fiber EB via the pullback functor f∗ : EA → EB . The information
lost under f∗ is compensated by equipping objects of EB with additional struc-
ture, called descent data. This gives rise to the category Descp(f) together with
the comparison functor Φf

p : EA → Descp(f), yielding the descent factorization

EA

Descp(f)

EB
f∗

Φf
p Uf (1)

where Uf is the forgetful functor. The central question is whether Φf
p is an

equivalence of categories. Morphisms f satisfying this condition are called ef-
fective descent morphisms.

In their seminal paper [1], Bénabou and Roubaud observed that, whenever
p : E → C is a Beck–Chevalley bifibration, the descent factorization (1) coincides
with the Eilenberg–Moore factorization

EA

EMp(Tf )

EB
f∗

Φ
Tf
p

UTf (2)

associated with the adjunction f∗ a f! : EB → EA, up to an equivalence
Descp(f) ' EMp(Tf ). Consequently, effective descent morphisms are precisely
those morphisms for which the pullback functor is monadic. However, their ar-
ticle did not attempt to provide a proof of the equivalence Descp(f) ' EMp(f).

In [4], Janelidze and Tholen introduced a third description of the category

of descent data, identifiying it with the category ActEq(f)p of actions of the in-
ternal category Eq(f), induced by the kernel pair of f , on p, while treating the
Bénabou-Roubaud theorem as folklore.
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Over the years, a number of other authors have also returned to the topic,
but a complete written proof of the Bénabou-Roubaud theorem has remained
elusive. Only very recently, in his 2024 article [7], Kahn filled this gap by
presenting a detailed, rigorous proof of the Bénabou-Roubaud theorem in the
original 1-categorical context. Nevertheless, in order to simplify the calculations,
he rectified the pseudofunctor f 7→ f∗ to an honest functor, which eliminated
the need to manage pseudofunctorial coherence isomorphisms. Even with this
“bypass”, the proof contains long series of explicit calculations.

The aim of this paper is to provide a different kind of proof of the Bénabou–
Roubaud theorem, based entirely on the formal calculus of string diagrams. We
introduce a string-diagrammatic 2-category BiFibC generated by the bifibrational
signature, namely the 2-polygraph encoding the pseudofunctorial structure of
pullback functors, their adjoints, and the Beck–Chevalley transformations. The
key proof-theoretic ingredient is the soundness and completeness theorem of
Joyal and Street [6], which identifies equality of 2-cells with equality of isotopy
classes of string diagrams. Consequently, equalities between natural transfor-
mations can be established by finite sequences of local diagrammatic rewritings
rather than by explicit componentwise computations. The three notions of de-
scent data

EMp(Tf ), Descp(f), ActEq(f)p

are obtained by extending the calculus of BiFibC in three different ways, each
with a single additional generating 2-cell satisfying appropriate relations. Their
equivalence is then established entirely within the graphical calculus, making
the proof a derivation in a sound and complete rewriting system rather than a
sequence of coherence calculations.

Besides yielding a complete proof of the Bénabou–Roubaud theorem, the
diagrammatic approach has several conceptual advantages. First, pseudofunc-
torial coherence is treated explicitly as part of the syntax, rather than elim-
inated by strictification, and its coherence is established internally in BiFibC .
Second, the soundness and completeness of the graphical calculus allow asso-
ciativity, functoriality and naturality to be absorbed by the syntax, reducing
long algebraic arguments to short rewriting derivations. Finally, we obtain a
new characterization of the category ActEq(f)p , providing an explicit bridge be-
tween the classical and monadic descriptions of descent data. More generally,
we expect that the same proof-theoretic framework will be useful in other con-
texts involving Beck–Chevalley bifibrations, such as the categorical semantics
of dependent type theory (cf. [5, 2]).
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Real-time systems are often formally modeled using timed automata, or
timed extensions of Petri nets, process algebras, and similar formalisms. These
formalisms tend to sacrifice modeling convenience to support sound analysis.
For example, the timed automaton formalism is quite restrictive, to ensure that
dense-time systems have discrete abstractions which satisfy the same properties.

However, these formalisms typically do not support features such as user-
defined data types, different forms of communication, hierarchical models, un-
bounded data structures, dynamic object creation and deletion, and so on.
These features are all naturally supported by rewriting logic [6], which is an
intuitive, general, and expressive logic for distributed systems. The Maude [4]
language and tool supports the formal specification, simulation, reachability
analysis, and LTL model checking of distributed systems in rewriting logic.

In this talk, I first explain how real-time systems can be modeled in rewriting
logic as real-time rewrite theories [7] and how they can be formally analyzed in
Maude [3]. In particular, real-time rewrite theories provide a natural model
for object-based distributed real-time systems. While such theories define a
general and expressive formalism for real-time systems, the price to pay is that
property-preserving discrete abstractions of dense-time systems may not always
exist, which may render Maude analyses of such systems unsound.

The key questions are:

1. Is this expressiveness and modeling convenience (e.g., supporting the above
features) needed for real-time and cyber-physical systems?

2. If these features are needed for sophisticated real-time systems (which
therefore cannot easily, or at all, be modeled as timed automata), can
Maude analysis still provide useful results for such complex systems?

In this talk I give a sample of applications which answer the above questions
affirmatively; such applications include large transport protocols, wireless sensor
networks, scheduling algorithms, cloud-based transaction systems, and so on.
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The expressiveness and generality of real-time rewrite theories also make
them a suitable semantic framework for modeling languages for real-time and
cyber-physical systems. Such theories have been used to provide formal seman-
tics for sophisticated industrial and academic modeling languages, including
(subsets of) the avionics modeling standard AADL, the DoCoMo labs language
L, the UC Berkeley languages Ptolemy II and Lingua Franca, and timed model
transformations. In many cases, we have also integrated automated Maude
analyses into the corresponding modeling tools.

The recent integration of SMT solving into Maude has allowed us to regain
soundness and completeness of Maude analysis for classes of dense-time systems
that include parametric timed automata and parametric time Petri nets [2, 1].
We have also developed a tool, HybridSynchAADL, for hybrid systems with
complex control programs, and have shown that HybridSynchAADL in many
cases outperforms leading reachability analysis tools for hybrid systems [5].

The paper [3] gives a fairly recent overview of applications of real-time
rewrite theories and Maude to real-time and cyber-physical systems.
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1 Aim of the present paper

The present paper addresses 3 logical puzzles in the theory of descriptions
(henceforth TD):

(A) non-referring descriptions (e.g. “the King of France”, “ ιy. = (y,÷(x, 0))”,
“limx→a f(x)” for some values, ...) (a non-classical semantics is needed);

(B) intensional transitives ITVs (e.g. “seeks D”, where the ITV’s comple-
ment D can be a description – which is typically not intersubstitutable,
so special semantics for D is needed);

(C) (Gödel’s) slingshot argument (consisting in a seemingly acceptable substi-
tution and so-called ‘redistribution’ of descriptions that results in collapse
of all facts into one Big Fact; so semantics must be nonstandard to prevent
the collaps).

All the problems (as well as many others) can be sucessfully treated by the
logic for TD being developed by the present author (partly in his 2020, 2022,
2024). It’s based on the ideas of the TD by the Czech/New-Zealandean logician
Tichý, who nevertheless never published it in sufficient details (cf. only few
passages in his book 1988). Nevertheless, it uniquely combines Russellian and
Fregean–Churchian TD approaches (cf. below). The used logical framework
(see the present author’s 2022, 2024 with Kuchyňka), which is a substantial
modification of Tichý’s early ND, is an extension of Church-Henkin type theory ;
it’s equipped with labelled natural deduction in sequent style. The framework
is a sort of possible worlds semantics, i.e. it aims to formalize the substantial
fragment of natural language.

Note that the puzzle (A) has its 101st anniversary: Russell (1905). The
puzzle (B) is due to Church (1951), but Quine (1956) is usually quoted for
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it (70th anniversary) and, finally, (C) comes from the influential analysis of
Russell’s TD by Gödel (1944) who was born in Brno 120 years ago.

2 Sketch of the solutions

The present abstract naturally neither offer enough room for any details of
solutions to (A)–(C), or wider discussion of the approach, whose features are
thus only briefly and incompletely suggested below.

(A)

The meaning of a typical description (we omit here possible worlds, cf. (B)) is
an algorithmic computation (Tichý: construction) of the form (so quite different
from Russell’s formalization):

ιx.ϕ(x)

for a given type τ of x and ϕ’s type τ → o, where o is a type intepreted
as B = {true, false} (note the bivalence, i.e. no 3V-logic). Whether such
an algorithmic computation is or isn’t abortive (= partiality on the level of
computations) does affect (i) reference (i.e. an individual, truth value, or some
function-as-mapping), but not the natural language expression’s having a (ii)
meaning (which is identified with the computation).

The labelled natural deduction in sequent style NDTT∗ (see Kuchyňka and
the present author’s 2024, elaborated from Tichý’s early ideas) couples ιx.φ(x)
e.g. with ⊥τ (which is an arbitrary abortive construction of type τ) into so-
called match which is definitely satisfied or countersatisfied by an assignement.
The use of matches with ⊥ thus allows relatively easy deduction. (Especially if
we compare it with 3V-approach or free logic which must designate which total
functions-as-mappings emulate which partial functions-as-mappings.)1

(B)

As pointed out by Church (1951), Russell’s TD cannot solve the ITV problem
for it lacks tools that prevent undesirable substitutions and existential general-
ization from sentences whose ITV complements. (which may even fail to refer).

Montaguean ([1970] 1974) solution as adjusted by Tichý (1971,1988) solves
ITV as showed below. Let ω (ranged over by variables such as w) be of type
for possible worlds, and Xw be short for X(w); the remaining types are obvious.
Then

λw.Seekw(PonceDeLeon, λw. ιx.BeFountainOfY outhw(x))

1Partial functions-as-mappings of a certain type τ1 → τ2 are also adopted in the approach.
The functions lack a functional value (of type τ2) for at least some of its arguments (of type
τ1). The 3V-approach, and even free logics must fill these missing values by dummy values ∗τ ,
ans so they must place them already in the interpretatins of the respective types; thus, instead
of e.g. truth functions above B = {true, false} they treat functions over B∗ = B ∪ {∗τB∗}.
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is a computation from which one cannot derive that
λw.Existsw(λw. ιx.BeFountainOfY outhw(x) since the existential generaliza-
tion rule (see the present author’s 2022) doesn’t allow that for type-theoretic
reasons. Likewise, one cannot substitute e.g. the coreferential computation
(let’s suppose) ‘the brightest place x in Florida’ (see Kuchyňka and present
author’s 2024 for the substitution rule).

(C)

As pointed out by Gödel (1944), Russell’s TD may avoid the slingshot argument
(see e.g. Wikipedia for its terse (Perry’s) formulation), but Russell’s TD cannot
handle (B), so we seek for different solution. Setting aside the meticulous treat-
ment of type-theoretic restrictions of rules of substitution and ‘redistribution’ as
well as modality and partiality, a collapse into Big Fact is deflected by pointing
out that the subject matter of the sentences deployed in the slingshot argument
are hyperintensional entites (viz. algorithmic computations), not denotata of
possible world semantics.
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The Hilbert cube Q is the Cartesian product of unit intervals [−1, 1] endowed
with the product metric d(x, y) = supi{ 1

2i |xi − yi|}, that is the product space
[−1, 1]N. Its geometric topology has some interesting properties that are not
exhibited in its finite dimensional counterparts [−1, 1]n. These unique properties
seem to stem from the fact that infinite-dimensionality provides enough room to
avoid obstructions. One of the fundamental results of this type is the property of
creating codimension in one coordinate for the compacta in the pseudointerior.
By setting the finite rational sequences as ideal points, Hilbert cube with the
product metric is a computable metric space. We prove that the result above
can be made computable in the following sense:

Theorem. Let s denote the pseudointerior of Q, i.e. (−1, 1)N, and B denote
the pseudoboundary, i.e. Q \ s. For every computable compact set A in s,
there is a computable homeomorphism f : Q → Q such that f(B) = B and
p1(f(A)) = {0}, where p1 is the projection on the first coordinate.
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A ∗-autonomous category [1] is a model of proofs of multiplicative classical
linear logic; a linearly distributive category [2] is a model of proofs of the pos-
itive fragment of this logic. It is part of the folklore of category theory that
every ∗-autonomous category is a linearly distributive category, with the par
operation defined as A`B := B⊥ ( A. While this statement is immediate at
the level of provability, a complete proof of this result — one in which the co-
herence conditions for the linear distributions are fully verified — has remained
absent from the literature. In [2], the authors remark that the verification is
“straightforward” but “the diagrams can be pretty horrid”, and leave the full
check to the reader. The gap has propagated through subsequent work [3, 4],
where the coherence conditions are acknowledged but remain unverified.

Beyond the mere need for a complete proof, any satisfactory mathemati-
cal modelling of proofs must engage with the coherence conditions themselves:
what they express, where they originate, and why they inevitably hold. The
goal of this talk is to present a full, conceptual proof of this result. The key
idea is that the coherence conditions are not arbitrary diagram chases: they
reduce to the existence of certain strengths for the par functor, which in turn
follow systematically from the enriched structure of a biclosed monoidal cate-
gory. This approach relies on the classical correspondence between strengths
and enrichments [8, 5, 6, 9], further developed in the ongoing PhD thesis [13].

More precisely, let V be a monoidal biclosed category with left closure −⊗
Y a Y ( − and right closure X ⊗ − a − (

X. For any object 0 ∈ V , set
A⊥ := A ( 0 and define the par A ` B := B

(

A⊥. Recall that a skew
monoidal category [11, 12] is like a monoidal category except that the associator

1



and unitors are not required to be invertible.

Theorem 1 In any monoidal biclosed category V and for any object 0 ∈ V ,
there exist canonical maps α`, λ`, ρ` making (V, `, 0) a skew monoidal cate-
gory.

A key structural observation is that V acts on itself on both sides, making
it a bimodule over itself — or, in the terminology of [10], a biactegory — a
category equipped with compatible left and right actions of a monoidal category.
The theory of (bi)actegories, developed in [10], provides the relevant notions of
(bi)strong functors and natural transformations, which are precisely what is
needed to state and verify the coherence conditions.

An even deeper observation is that V op is a V -bimodule, with left action
X •A := X ( A and right action A • Y := A

(

Y .

The linear distributions

δL : A⊗ (B ` C)→ (A⊗B) ` C, δR : (A`B)⊗ C → A` (B ⊗ C)

are constructed as composed strengths: the strength of a composition of enriched
functors, where the enrichment is that of V over itself. The coherence conditions
— the interchange law and the strong naturality of α` — then follow from
general properties of strengths and natural transformations between enriched
functors.

The ∗-autonomous hypothesis enters only at the end: it makes the skew
structural maps invertible, upgrading the skew monoidal structure to a genuine
monoidal structure and yielding the main result:

Theorem 2 Every ∗-autonomous category [1] (V,⊗, I, 0) is a planar linearly
distributive category [2] (V,⊗,`) (planar meaning: without a symmetry as-
sumption on either monoidal structure).

In particular, the result applies beyond classical linear logic: since neither
symmetry of ⊗ nor cyclicity of the dualizing object 0 is assumed, it covers fully
non-commutative, non-cyclic settings such as the Lambek calculus.

In practice, most of the technical work amounts to recognizing that canonical
maps such as

(X ⊗ Y ) ( Z ' X ( (Y ( Z), Z

(

(X ⊗ Y ) ' (Z

(

X)

(

Y,

X ( (Y

(

Z) ' (X ( Y )

(

Z,

X ⊗ (Y ( Z) → Y ( (X ⊗ Z),

X⊥ ⊗ Y → (X

(

Y )⊥

are each the strength of some specific functor. The fundamental role of strength
conditions in logic is well documented: it underlies the fixed-point elimination
results of [14] and can be traced back to Peirce’s iteration rule for existential
graphs of type Alpha [15]. The logician should therefore not be surprised to
find strengths as the key ingredient of the present work.
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Infinitary action logic ACTω [3] is an infinitary substructural logic with prod-
uct and two residuals, lattice operations, constants 0 and 1, and Kleene star.
Infinitary action logic axiomatizes the equational theory of ∗-continuous action
lattices. Natural examples of these algebraic structures are algebras of formal
languages and algebras of binary relations. It follows from the work of Kozen
[5] that derivability from hypotheses in ACTω is

∏1
1-complete. Buszkowski and

Palka proved that theoremhood in ACTω is
∏0

1-complete [3]. For the equa-
tional theories of the two specific classes of action lattices mentioned above,
Buszkowski proved

∏0
1 lower complexity bounds and left the exact complexity

estimation an open question [2]. In recent joint work with Max Kanovich and
Stepan L. Kuznetsov [4], we prove that in fact these theories have a signifi-

cantly higher algorithmic complexity, namely, that they are
∏1

1-complete. To
show this, we consider the product-free fragment of ACTω, where there are no
product and join, no constants, and Kleene star is replaced by so-called iterative
divisions: A∗\B and B/A∗, introduced by Sedlár [8] (in the non-associative set-
ting) and by Kuznetsov and Ryzhkova [7] (in the associative setting considered
here). Unlike ACTω itself, this fragment is strongly complete w.r.t. the classes
of models on formal languages and on binary relations [6]. For this fragment,

we strengthen the method of Kozen [5] to prove
∏1

1-completeness of derivability
from hypotheses [4]. The strengthening is carried out by an infinitary version of
a technique of Buszkowski [1]. Then we combine this with novel constructions
with constants 0 and 1, which allow simulating entailment from finite sets of
hypotheses in the classes of models on formal languages and on binary relations.
This enables a semantical version of deduction theorem and hence allows reduc-
ing entailment to validity in the two classes of models. For the theories in the
full language, we also prove the

∏1
1 upper bound [4].
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Provability logic is the branch of mathematical logic that studies the notion
of proof and provability through the lenses of modal logic. The idea is to
interpret the usual box modality □ as provability inside an arithmetical theory.
Then, one of the main problems in the area is, given a theory T , to determine
which is the modal logic corresponding to its provability predicate.

The cornerstone result in the area came from Solovay [3], which showed that,
for PA (Peano Arithmetic), the answer is GL (Gödel Löb logic). His proof can
be divided in two steps:

1. Find a “simple” class M of Kripke models such that GL is complete with
respect to it.

2. Embed this class of models inside the desired arithmetical theory, thus
showing that if a formula is refutable in the modal logic, its arithmetical
interpretation is also refutable.

However, as it is well known, some provability logics are Kripke incomplete (such
as ER or GLP) while others, being Kripke complete, lack a“simple” class that
can be embedded in arithmetic via known methods (such as some intuitionistic
provability logics).

Mojtahedi in [1] defined a new semantics, now called provability models, for
intuitionistic modal logic to amend this problem. Then he used these models to
characterize the provability logic of HA (Heyting Arithmetic). In later work [2],
we developed these models in the classical setting with the following purposes
in mind.

1. Understanding better the notion of provability models. In [1] provability
models served mainly a technical purpose. In [2] we hope to prove that
they constitute a research topic in their own right.

2. Show that they provide a natural semantics for the family of provability
logics and their variants such as interpretability logic.

1



3. Provide an alternative semantics for known Kripke incomplete provability
logics such as GLP.

In this talk, we will give a brief introduction to these models in the classical
setting. Additionally, if time allows, we will further discuss a new approach to
proving arithmetical completeness that replaces the use of semantics with the
use of a sequent calculus instead.
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Given an implication A → B, the interpolation theorem by Craig [2] says
that there is a formula C, called the interpolant, such that the two implications
A → C and C → B hold, and furthermore, the language of C is contained in
the intersection of the languages of A and B. A stronger form of this result is
Lyndon interpolation [6], which also demands that the propositional symbols
appearining in C must have the same polarity as in A and B, i.e., if they occur
negated in C, then they also must occur negated in A and in B.

Interpolation has been studied for various logics, including classical first-
order logic [2, 6], intuitionistic and intermediate logics [5], various modal log-
ics [3], and also linear logic [8, 9, 10].

A common way to prove an interpolation result for a logic is to use Maehara’s
method [7], which surgically extracts the interpolant from a cut-free sequent
proof of A ` B.

Recently Saurin [9] strengthened this method to a proof relevant cut-introduction.
I.e., given a proof π of A ` B, the interpolant C comes with two proofs π1 of
A ` C and π2 of C ` B, such that eliminating the cut from

π1

A ` C
π2

C ` B
cut

A ` B
yields exactly π.

In this talk, I will (i) strengthen Saurin’s result using a deep inference for-
mulation, and (ii) propose an alternative proof method for obtaining the in-
terpolation theorem, which is not based on the sequent calculus, but on deep
inference. More precisely, our main theorem is the following:

Theorem 1 Every derivation
A
δ S

B
can be decomposed into

A
δ1 S↑
C

δ2 S↓
B

for some C.
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Here,
A
δ S

B
stands for a derivation δ with premise A and conclusion B, in which

all inference rules come from the proof system S. As in a deep inference sys-
tem, every inference rule is single premise, this is well-defined. Furthermore,
a typical deep inference proof system S is divided into a down-fragment, here
denoted by S↓, and an up-fragment, denoted by S↑. The rules in the down-
fragment correspond to the rules in a cut-free sequent calculus, and the rules
in the up-fragment correspond to the cut in the sequent calculus. However,
in a deep inference system, there is a perfect up-down duality between these
two fragments. And Theorem 1 above says that they can be separated in a
derivation.

Since the rules in the down-fragment cannnot create new propositional vari-
ables while going up in a derivation, and dually, the up-rules cannot create new
propositional variables while going down in a derivation, it follow immediately,
that the formula C in Theorem 1 must be a Lyndon interpolant.

Corollary 2 A logic with a proof system S obeying Theorem 1 has Lyndon
interpolation.

Let us now address the question of how we can prove Theorem 1. In [10], there
is a proof for the multiplicative and exponential fragments of linear logic (MLL
and MELL) based on rule permutations. But as already observed in [10], that
proof does not scale to other logics.

In deep inference, the standard method for proving cut elimation is via the
Splitting Lemma. Since Theorem 1 can be seen as a generalization of cut elimi-
nation, it might come as no surprise that its proof is based on a generalisation
of the Splitting Lemma. For classical logic, this lemma is formulated as follows,
where SKS is the standard system for classical logic in deep inference [1], and
SKSc is the core fragment, i.e., the one with contraction and weakening (and
medial) removed:

Lemma 3 (Generalized Splitting) 1. If there is a derivation
I
δ SKSc↓

K ∨ (A ∧B)
,

then there is a context C[·] and formulas KA,KB , IA, IB, such that

I
δI SKSc↑

C[IA ∧ IB ]
and

C[KA ∨KB ]
δK SKSc↓
K

and
IA

δA SKSc↓
KA ∨A

and
IB

δB SKSc↓
KB ∨B

.

2. If there is a derivation
I
δ SKSc↓
K ∨ a

, where a is an atom, then there is a context

C[·], such that either

(a)
I

δI SKSc↑
C[>]

and
C[ā]
δK SKSc↓
K

or (b)
I

δI SKSc↑
C[a]

and
C[⊥]
δK SKSc↓
K

.
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We have the same lemma also for the deep inference system for full linear
logic [10], where the first statement has to be formulated for every connec-
tive separately. This generalized splitting lemma now allows us to prove the
Flipping Lemma:

Lemma 4 (Flipping) If

H
δ1 SKSc↑
I

δ2 SKSc↓
K ∨A

then there is a derivation

H ∧ Ā
θ1 SKSc↑
J

θ2 SKSc↓
K

for some J .

This lemma allows us to prove Theorem 1.
So far, we have this result for classical propositional logic, full propositional

linear logic, and the modal logics K, KT, K4, and S4 (details can be found at
https://arxiv.org/abs/2607.23798). First-order logic is work in progress.
Another interesting question might be under which conditions we can obtain a
Flipping Lemma, which is the main ingredient to the proof of Theorem 1.
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The Socratic dialogue is traditionally understood as a method of philosophi-
cal inquiry in which claims are tested through structured questioning, exposing
tensions, inconsistencies, and unexamined commitments. Following Vlastos’ [5]
reconstruction of the Socratic dialogue, we view dialectical inquiry as a process
in which an interlocutor’s beliefs are examined and shown to conflict with the
claim they initially put forward.

The central idea of this talk is to abstract from this and to regard argu-
ments not as static collections of propositions but as dynamic configurations of
commitments subject to challenge, revision, and reconciliation, but motivated
by the structure of the Socratic dialogue.

Instead of representing commitments as elements successively added to a
set, we consider abstract information states W = {w, u, v, . . . }, related via a
binary relation R, which models Socrates’ questioning as a transition between
information states. Additionally, we consider a ternary relation S, which mod-
els Socrates’ argumentation and captures his ability to force a transition to a
particular information state.

This structure resembles a Kripke frame and naturally motivates a modal-
logical treatment of dialectics. We, therefore, treat dialectical contradiction as
a modal operator. The idea is that ϕ dialectically contradicts ψ when every
outcome of Socratic questioning that preserves ϕ provides a line of argumen-
tation leading to the refutation of ψ. We introduce a logical system DiaL, in
which such contradictions can be formally expressed and analysed. We further
show that several familiar modal systems – including normal modal logics and
interpretability logics – arise naturally as extensions of DiaL.

The resulting framework provides a unified modal perspective on dialectical
reasoning and opens a route toward the formal comparison of diverse dialectical
traditions, including those of Aristotle [4], Hegel [2], and Marx [3].
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During the 20th century, most of the great logicians gave their own definitions of
an algorithm (a mechanical procedure). These were the Gödel/Herbrand/Kleene
recursive functions, Turing machines, Post systems, Church’s λ-calculus,
Schönfinkel’s combinatory logic, and Smullyan’s systems. All these definitions
are mutually equivalent. This makes plausible the Church-Turing thesis that
each system accurately describes the intuitive notion of a computable function.
The prevailing opinion is that it is not provable, because it identifies formally
defined systems with an intuitive notion; cf. [1], [5] and [2]. But in accordance
with [3] (but also, and unexpectedly, with [1] and [5]), we will define computabil-
ity logically, and this will enable us to prove Church-Turing thesis as a simple
corollary of Gödel’s completeness theorem.
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putability: Turing, Gödel, Church and Beyond, Cambridge, MA: MIT
Press, 77-104, 2013.

[4] Smullyan, R. M. Theory of formal systems. Princeton UP, 1961.

[5] Turing, A. On computable numbers, with an application to the Entschei-
dungsproblem, Proceedings of the London Mathematical Society (Series 2)
42, 1936.

1



Logic and Intelligence

Carolyn Talcott

SRI

Menlo Park, CA, USA

E-mail: carolyn.talcott@gmail.com,

Keywords: intelligence, logic, reasoning.

With all the interest in Artificial Intelligence, it seems interesting to un-
derstand (Natural) Intelligence, particularly the mechanisms that give rise to
different forms of intelligence. It is also interesting to consider features of a
logical system that could model and/or exhibit features of intelligence. In this
talk we will review the features of and mechanisms underlying intelligence at
different stages of development, base on work of Max Bennet [1]. We will discuss
features of two logical systems in the context of intelligence mechanisms. The
FOL logical system was developed at the Stanford AI Lab. FOL was motivated
by understanding intelligence and the challenge of building computer individu-
als that exhibited features of intelligence [3]. Rewriting Logic and its realization
in the Maude system is a logic for representing and reasoning about transistions
in distributed systems or in proof search [2].
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WOOP is a practical self-regulation strategy based on the MCII framework
(Mental Contrasting with Implementation Intentions). This approach is based
on the idea that a desired future is mentally contrasted with the present reality
that stands in the way of its realization, after which a concrete if-then plan is
formulated in order to overcome the obstacle. In its practical form, WOOP
guides a person through four steps: Wish, Outcome, Obstacle, and Plan.

In this paper, we propose a probabilistic-logical framework for the formal
representation of this method. We start from the fact that the WOOP/MCII
method already relies on reasoning about wishes, possible outcomes, obstacles,
and if-then plans. The proposed formal language is intended to distinguish
between two types of assessments: the intensity of a wish and the subjective
conditional probability that an obstacle will be overcome when it occurs and
when an appropriate plan has been formulated for it. The main idea is to
extend the WOOP method by adding a probabilistic component: in addition to
the basic structure Wish–Outcome–Obstacle–Plan, we introduce an assessment
of the effectiveness of the plan in overcoming the obstacle.

We introduce two types of operators. The operator Int>r will be used to
express the intensity of a wish, while the operator CP>r will express subjective
conditional probability. The syntax of the proposed language will be introduced
and the corresponding semantics will be given. We will also consider the possi-
bility of formulating WOOP/MCII principles in the form of axioms, as well as
the soundness, completeness, and decidability of the system.
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